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a b s t r a c t

Markov games is a framework which can be used to formalise n-agent reinforcement learning (RL).

Littman (Markov games as a framework for multi-agent reinforcement learning, in: Proceedings of the

11th International Conference on Machine Learning (ICML-94), 1994.) uses this framework to model

two-agent zero-sum problems and, within this context, proposes the minimax-Q algorithm. This paper

reviews RL algorithms for two-player zero-sum Markov games and introduces a new, simple, fast,

algorithm, called QL2. QL2 is compared to several standard algorithms (Q-learning, Minimax and

minimax-Q) implemented with the Qash library written in Python. The experiments show that QL2

converges empirically to optimal mixed policies, as minimax-Q , but uses a surprisingly simple and

cheap updating rule.

& 2009 Elsevier B.V. All rights reserved.
1. Introduction

In opposition to supervised learning, reinforcement learning
(RL) allows modelling problems for which it is impossible
to provide a learning set to the agent: it requires no teacher,
no learning pairs and, in fact, no prior knowledge. The agent
learns from direct interaction with its environment and when it
succeeds, partially or not, it receives a numerical reward. Thus, the
agent proceeds by trial-and-error, alternating exploration of the
problem and exploitation of its experience, and slowly learns
the actions that lead to the rewards.

RL has been applied with success to many problems: back-
gammon [36], elevator dispatching [12], dynamic channel alloca-
tion [29], investment decision making [25], packaging in a food
processing industry [19], space shuttle payload processing for
NASA [45], etc. We think that its ability to tackle problems where
even human experts lack the knowledge necessary for traditional
approaches can be an advantage.

This paper addresses specifically two-player zero-sum games.
Littman has developed an efficient and optimal algorithm [22,34],
called minimax-Q , which has to solve a linear optimisation
problem at each step. We propose a new algorithm QL2, and a
variant QLþ2 , which also achieves optimality, but is much simpler
ll rights reserved.
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and faster in terms of computational time. Each algorithm
mentioned in this paper has been implemented with the Qash
library, a Python generic framework for RL in n-player Markov
games available for free download at [1].
1.1. Related work and contributions

Sutton and Barto’s book [33] is entirely devoted to one-agent
RL and introduces the Q-learning algorithm [42,43], which is also
discussed in e.g. [17,24,28]. It uses Markov decision processes
(MDPs), which are studied in details in [13,30,37]. Moreover, a
dynamic programming approach with policy iteration and value
iteration is addressed in [4,5].

Two-agent or n-agent RL are described in Littman’s paper [22]
which has several contributions:
�
 it compares three different models for two-agent problems
(MDPs, matrix games [32] and Markov games);

�
 it proposes the minimax-Q algorithm, which exploits the links

between RL and game theory;

�
 it demonstrates the respective strengths of Q-learning and

minimax-Q on a soccer game.

The work in [34] adopts a more theoretical approach and, in
particular, studies the convergence of several RL algorithms,
including Q-learning and minimax-Q , whereas [39] proposes
several extensions to the minimax-Q algorithm. Interesting
references to get a grip on game theory are [6,27,32,41] and

www.sciencedirect.com/science/journal/neucom
www.elsevier.com/locate/neucom
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mathematical tools for solving Markov games are covered by Filar
and Vrieze [14].

This work addresses two-player zero-sum games with RL and
has three contributions:
�
 it reviews two-agent RL in the unified framework of Markov
games (Section 2) and the existing Q-learning, Minimax [28]
and minimax-Q algorithms (Section 3);

�
 it proposes a new simple algorithm, QL2, and its variant QLþ2

(Section 3);

�
 it compares theoretically and experimentally these algorithms

(Sections 3–5).

The interest of QL2 (and especially QLþ2 ) lies in its cheap and
easy-to-implement policy update rule: whereas Littman’s algo-
rithm solves a linear optimisation problem, these algorithms
involve only arithmetical operations and exponential evaluations.
As a matter of fact, QL2 and QLþ2 appear to be faster in terms of
computational time (see Section 4).

Another algorithm which is not addressed in this paper is the
R-MAX algorithm [8]. It starts with an initial optimistic model of
the environment where any action performed in any state yields a
maximal reward Rmax. Then, the model is updated according to the
following rule: if some actions have been observed K1 times in a
given state, this state becomes known and the model is updated
with the empirical rewards and transition frequencies. It can be
shown [8] that K1 can be chosen a priori to obtain guarantees on
the algorithm’s convergence in terms of computational time.

In this paper, we will not consider the possibility to use
approximators for RL. For example, the replacement of the Q

function by a function approximator would certainly accelerate
the learning process, but we would not be able to provide strong a

priori guarantees on the algorithms’ performances (see e.g.
[4,7,21,39] for more details).
2. Basic framework and notations

This section reviews two-agent RL in the unified framework
of Markov games. Let us consider [22,33,42,43] the learning
process of an agent Ag acting on an environment E, possibly
simultaneously with others agents which may be friends or foes.

The environment E is characterised at time t by its (observable)
state Xt which is a measurement on some features of E. For
simplicity, E is restricted to be discrete-time, discrete-state,
static and observable with no uncertainty [28]. The probabilistic
behaviour of E can be predicted from its current state, if
the Markov property and the stationary assumption both hold.
The former requires that the probability of the next state of E is
only conditioned by its current state, whereas the latter requires
that E’s behaviour is time-homogeneous. If the state contains
enough information, many environments can be approximated by
Markovian models such as Markov chains, MDPs or Markov games.

The agent Ag interacts with its environment E: it perceives Xt

via sensors and modifies E via actions done by actuators. The

agent-environment boundary represents the limit of the agent’s
absolute control [33]; from an external point of a view, an agent is
just a function mapping a sequence of states to an action. The goal
of an agent is to realise a certain task Tk, e.g. to reach a power
supply, to clean a room encumbered by some garbage or to win a
chess game.

As mentioned in [28], tasks can be episodic if the agent–
environment interaction breaks naturally into subsequences
called episodes, or continuing if the agent-environment interaction
goes on forever. Given an environment E, a task Tk and some
prior knowledge, the agent has to find the right action for each
possible state sequence ðX0; . . . ;XtÞ.

In fact, in many situations, the right action is just unknown, but
one can use RL (see e.g. [11,17,24,33]) which assumes no teacher,
no learning pairs and in fact no prior knowledge about the
environment. The learning agent learns from direct interaction

with its environment: it is only given a task to achieve and when it
succeeds, even partially, it receives a reward, i.e. a numeric value
to reward him. The agent proceeds by trial–error and slowly learns
the actions that lead to the rewards.

2.1. Reward signal and return

In RL, a learning problem is specified by an environment E, a
reward signal r associated to a task Tk and a return R. The reward

signal r is a bounded numeric value indicating the intrinsic

desirability of a state of E for the success of Tk. It can be
compared to fear and pleasure in animal psychology; the agent
gets high positive rewards when the environment enters good
states and low or negative rewards when it enters bad states.

A learning agent will try to maximise the accumulated amount

of rewards quantified by the return R, a function mapping the
sequence of rewards received when starting from Xt ¼ xt to a
(possibly negative) numeric value Rt . In this paper, we use the
infinite-horizon discounted return [4,30,33], i.e., respectively, for
episodic tasks (limited in time) and for continuing tasks
(unlimited)

Rt ¼
XT

i¼0

girtþi and Rt ¼
Xþ1
i¼0

girtþi, (1)

where T is the time remaining until the end of the episodic
task and g 2�0;1½ is the discount rate implying that the sooner is
the reward, the better is the return. Intuitively, g can also be
interpreted as the probability to continue the task [2,22].

2.2. Markov games

In RL, n-agent environments can be modelled by n-player

Markov games with n distinct reward signals and which transi-
tions depends on the n simultaneous actions of the agents. In this
paper, n ¼ 2 and the interest of both players (the agent Ag and its
opponent Opp) are opposite, i.e. we treat zero-sum games.

A two-player zero-sum Markov game MG [14,22] is a tuple
hS; sinit ;D;A;O;A;O; T ; ri where S is the set of states, sinit 2S is
the unique initial state, ; � D �Snfsinitg is the set of absorbing
states, A is the set of the agent’s actions, O is the set of the
opponent’s actions, A :S!A gives for each state the set of
available actions for the agent, O :S! O gives for each state the
set of available actions for the opponent, T :S�A� O�S!
Rþ is the transition probability distribution for the whole
environment such that

Tsi ;a;o;sj
¼ PrðXtþ1 ¼ sjjXt ¼ si; a; oÞ (2)

and r :S�A� O!R gives the reward rsða; oÞ obtained by the
agent in s if it chooses a and its opponent chooses o.

In this paper, S, D, A and O are finite sets and r is
deterministic. sinit is introduced to simplify further developments
and cannot be reached from other states:

8s 2S; a 2 AðsÞ; o 2 OðsÞ : Ts;a;o;sinit
¼ 0. (3)

If the considered environment has more than one initial state,
sinit is added as an additional (virtual) state put somewhere
outside the real environment Snsinit and leading to the true initial
states, which are called the entry states. As for them, the absorbing

states allow to unify episodic and continuing tasks [33]; indeed,
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the return can always be expressed as

Rt ¼
Xþ1
i¼0

girtþi (4)

if we consider that an episode is ended when an absorbing state is
reached and that

8d 2 D; a 2 AðdÞ; o 2 OðdÞ : rdða; oÞ ¼ 0. (5)

As mentioned in [22], we can consider Markov games as a
generalisation of both MDPs (jOj ¼ 1) and matrix games
(SnD ¼ fsinitg). In essence, Markov games are simultaneous games,
but they can easily model alternate games [32].

2.3. Policies

The behaviours of the agent Ag and its opponent Opp are,
respectively, described by the policies p and s. A policy is a
formalisation for the prescription of the agents for taking actions
[22,37]. In this paper, we consider stationary policies [37] which
depend only on the current state. For an agent Ag acting on an
environment E, a pure policy p :S!A associates to each state s

the action pðsÞ and a mixed policy p :S�A! Rþ associates to
each state s and action a 2 AðsÞ the probability psðaÞ to choose a.

Note that we consider only rational opponents [6,27,32] which
do not cooperate in zero-sum games. Indeed, the reward gained by
the agent after any action is always the opposite of its opponent’s.
This assumption is called the rational player hypothesis.

2.4. Optimality and the value function V

Now that both the environment’s and the agent’s behaviour
are formalised, the following of this section will introduce the
RL problem.

In RL, we are interested in agents maximising the expected

return for each state. This expected return is called the value
function V and aims to estimate how good it is for the agent to be in

a given state in terms of future rewards that can be expected [33]. In
order to compute V , we need to determine the opponent’s optimal
policy and we have to consider the worst possible opponent: a
rational player who knows the agent’s entire policy p.

Game theory [6,27,32] tells us that, in zero-sum games, any
rational opponent tries to minimise the agent’s expected return,
so that we can define V as the worst expected return for the agent,
given its current policy. Therefore, the value function Vp :S! R

for an environment E and an agent Ag with a policy p aiming to
fulfil a task Tk against a rational opponent Opp gives, for each
state s, the expected return if Ag acts on E according to p starting
from s while Opp acts rationally, i.e.

VpðsÞ ¼ min
s

E
p;s

Xþ1
i¼0

girtþi

�����Xt ¼ s

( )
. (6)

The corresponding (non-necessary unique) optimal policy p� for
Ag maximises VpðsÞ for each state s of E, i.e.

p� ¼ argmax
p

VpðsÞ 8s 2 S (7)

with Vp� called the optimal value function V�. VpðsÞ and V�ðsÞ are,
respectively, called the value of the state s (with respect to p) and
the optimal value of the state s.

Now we can define the RL problem. For an environment E with
the Markov property and the stationary assumption, a two-agent

RL problem is defined by the tuple hE;Tk;Ri. It consists of finding
the optimal policy p� associated with Tk and the return R.
A solution to a two-agent RL problem provides for each possible
state s of E its optimal value V�ðsÞ and a prescription for taking
actions in s optimally, provided that the opponent is rational. Note
that optimal policies are not necessarily unique [6].
3. Algorithms for two-agent RL problems

This section discusses several standard RL algorithms and
proposes a new algorithm, QL2, in order to solve two-agent
games from the perspective of the agent Ag. In [26], it is shown
that the value iteration algorithm [33] (which requires a model
of the environment) adapted to Markov games does converge.
However, many real-world problems lack a complete description
of the associated Markov game. In that case, T and r are
unavailable and the learning is rather performed online, i.e. in
direct interaction with the environment, with temporal difference
algorithms [24,33].

The algorithms discussed in this paper are modelled on the
general template Algorithm 1 which solves a RL problem hE;Tk;Ri

with no prior knowledge of E and Tk. The learning consists of
epochs hs; a; o; r; ssi: the agent perceives a state s, takes an action a,
observes the action o performed by its opponent, receives in return
a reward r, perceives the resulting state ss and then learns from it.
With temporal difference, prior knowledge is no longer necessary
for the learning process. Moreover, the agent learns with each
epoch, so that it is suitable for both episodic and continuing tasks:
the agent does not have to wait for a full episode to learn.

Algorithm 1. Online Markov games algorithms template.
Input: A RL problem hE;Tk;Ri

Output:cV� ,cp�

1.
 Initialise V or/and miscellaneous data structures
2.
 s current state of E
3.
 repeat

4.
 Choose and take action a
5.
 o; r; ss  action taken by Opp, gained reward, resulting state of E
6.
 Learn from the epoch hs; a; o; r; ssi
7.
 s ss
8.
 until some convergence criterion is satisfied
9.
 return Vp ,p
Note that temporal difference methods introduce a new

problem: the exploration–exploitation dilemma [33] which is not
specific to these methods, but is inherent to RL. The agent has
two important but contradictory tasks to achieve in order to
find an optimal policy: the exploration of its environment and
the exploitation of its acquired knowledge. These two tasks
are intrinsically opposite; at the same time, the agent must
investigate unknown (possibly unsuccesfull) paths and focus in
the right direction, i.e. head toward paying states. In Algorithm 1,
the exploration–exploitation balance is ensured by the instruction
choose and take action a and a popular (simple) balance scheme
called �-greedy [33] consists to choose randomly between
exploration or exploitation for the current epoch. The exploration
probability is called the exploration degree �.

In this paper, we discuss five algorithms modelled on the
template Algorithm 1:
�
 the standard one-agent simple Q-learning [42,43];

�
 Minimax [28], originated from game theory, which insures to

obtain at least the maximin value;

�
 minimax-Q [22] which uses linear programming;

�
 QL2 and QLþ2 , our new algorithms which use a gradient-

ascent scheme to optimise VpðsinitÞ.

In these algorithms discussed below, the only differences lie in
the implementation of learn from the epoch hs; a; o; r; ssi which is
therefore the only part made explicit.
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3.1. The evaluation function Q and the Bellman equations for

Markov games

In order to implement Algorithm 1 by specific algorithms, we
need to introduce an additional quantity. The evaluation function

Qp :S�A�O! R for an environment E and an agent Ag

with policy p aiming to fulfil a task Tk against a rational
opponent Opp gives, for each state s and actions a; o 2 AðsÞ � OðsÞ,
the expected return if Ag and Opp, respectively, do a and o in s

and then act according to p and a rational policy, i.e.

Qpðs; a; oÞ ¼ min
s

E
p;s

Xþ1
i¼0

girtþi

�����Xt ¼ s; a; o

( )
. (8)

This quantity is fundamental because we can approximate the Q

values with Q-learning and similar algorithms, even if we do not
know T and r. Afterward, the V values can be deduced: V and Q

functions are related and can be expressed recursively. If we
introduce

Qpðs; oÞ ¼
X

a2AðsÞ

psðaÞQpðs; a; oÞ, (9)

which is the return expected in s with the current policy p if the
opponent chooses o, the Bellman equations for Markov games

[21,22,33] are for each s 2SnD

VpðsÞ ¼ min
o2OðsÞ

Qpðs; oÞ (10)

and for each s 2SnD; a 2 AðsÞ; o 2 OðsÞ

Qpðs; a; oÞ ¼ rsða; oÞ þ g
X
ss2S

Ts;a;o;ss min
os2OðssÞ

Qpðss; osÞ. (11)

Moreover, the V and Q values are zero for the absorbing states.
Note that in Eq. (11), rsða; oÞ is outside the sum: we only need

the reward received upon executing the actions a; o, not the full
definition of the reward signal in s. The Bellman equations (10)
and (11) will be used by each subsequent algorithm to compute
the Q values; they only differ by the hypotheses and the methods
they use to compute p�.

3.2. Simple Q-learning

The next five subsections will describe five algorithms
allowing to solve two-player zero-sum Markov games. Although
it was originally developed for one-agent environments, the
simple Q-learning [42,43,33] algorithm can be used on two-agent
environments, considering that the opponent is part of the
environment.

3.2.1. Reducing two-agent environments

If we consider the Markov game MG ¼ hS; sinit ;D;A;O;
A;O; T; ri and Opp which actual policy s is not necessarily rational,
we can model both MG and Opp as the components of an one-
agent environment by integrating the opponent in the environ-
ment. If s is Markovian and stationary, we obtain a new Markov
decision process MDP ¼ hS; sinit ;D;A;A; T 0; r0i. The transition
probability distribution T becomes T 0 s.t.

T 0si ;a;sj
¼
X

o2OðsiÞ

ssi
ðoÞTsi ;a;o;sj

(12)

and the reward signal r becomes r0 s.t.

r0sðaÞ ¼
X

o2OðsÞ

ssðoÞrsða; oÞ. (13)

For one-agent environments, the Bellman equations simplify to

VpðsÞ ¼ max
a2AðsÞ

Qpðs; aÞ (14)
and

Qpðs; aÞ ¼ rsðaÞ þ g
X
ss2S

Ts;a;ss max
as2AðssÞ

Qpðss; asÞ. (15)

Note that the agent uses a pure policy and that the opponent’s
action are not mentioned anymore.

3.2.2. Algorithm

In Q-learning, the Q values are computed iteratively. We start
with arbitrary initial Q values and, when Ag observes an epoch
hs; a; r; ssi (Ag does not care about the opponent’s action o), it uses
the update rule

Qpðs; aÞ  ð1� aÞQpðs; aÞ þ a r þ g max
as2AðssÞ

Qpðss; asÞ

� �
, (16)

where a 2�0;1� (a ¼ 1 for deterministic environments, otherwise
a decreases during the learning). It works because the probability

with which this happens is precisely Ts;a;ss [22]; it corresponds to a
stochastic approximation [31] of the actual Q .

Algorithm 2 shows the implementation of learn from the epoch

hs; a; o; r; ssi in the general template Algorithm 1 for the Q-learning
algorithm. If 0ogo1, a raw table initialised with zero values is
used to store the Q values, each state-action pair is assumed to be
visited infinitely often and the a parameter decreases properly
(necessary for stochastic environments only), Q-learning con-
verges to the true V� and p� corresponding to the MDP [24,43].
Note that Q-learning will generally find a policy which is not
optimal for the original Markov game.

Algorithm 2. Learning part of the Q-learning algorithm.
1.
 Qpðs; aÞ  ð1� aÞQpðs; aÞ þ a½r þ gmaxas2Aðss Þ Qpðss; asÞ�
2.
 pðsÞ  argmaxa2AðsÞ Qpðs; aÞ
Q-learning does not consider the rational player hypothesis
[32]. Since Opp is part of the environment, Ag learns to beat him
specifically and adapts his play to Opp’s actual playing level, i.e. the
degree of optimality of its policy. But this also means that Ag is
opponent-dependent. If Opp changes significantly or is replaced,
Ag will not change his course of action, which is most likely not
suited anymore; Ag will have to start learning again.

In fact, the playing level of Ag is entirely conditioned by the
playing level of Opp. Moreover, if the behaviour of Opp is not
Markovian or not stationary, the resulting one-agent environment
is not a MDP and the convergence is no longer ensured. Note that,
even if the original environment is deterministic, the embedding
of Opp may produce a stochastic one-agent environment and slow
down the learning.

The update rule Eq. (16) must be adapted for the next
algorithms. Indeed, as opposed to the simple Q-learning,
they consider the environment and the opponent as two
distinct entities, i.e. they truly consider two-player zero-sum
Markov games. For pure and mixed policies, Eq. (16) becomes,
respectively, [22]

Qpðs; a; oÞ  ð1� aÞQpðs; a; oÞ þ a r þ g max
as2AðssÞ

min
os2OðssÞ

Qpðss; as; osÞ

� �
(17)

and

Qpðs; a; oÞ  ð1� aÞQpðs; a; oÞ þ a r þ g min
os2OðssÞ

Qpðss; osÞ

� �
, (18)

where a 2�0;1�. Like Eq. (16), the update rules Eqs. (17) and (18) do
not explicitly use T, but T regulates again the frequency of the
updates during the stochastic approximation process.
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3.3. minimax-Q : a linear programming approach

A first approach to solve Markov games, which has been used
by Littman [22], is the linear programming approach. Here, we
introduce and analyse his algorithm, minimax-Q .

3.3.1. The RL problem as a set of matrix games

The key idea of minimax-Q is to formulate the RL problem as
a set of matrix games [32]. Indeed, for each state s 2S, we can
create a matrix game Gs involving Ag and Opp in three steps.
Firstly, we create a strategy As;a, for each action a 2 AðsÞ, which
prescribes Ag to take a in s and to follow p thereafter. Secondly,
we create a strategy Os;o, for each action o 2 OðsÞ, which prescribes
Opp to take o in s and to follow a rational policy thereafter. Thirdly,
we associate to each couple of strategies hAs;a;Os;oi the payoff

PðAs;a;Os;oÞ ¼ Qpðs; a; oÞ. (19)

For Gs, the optimal (mixed) strategy for Ag will have the formX
a2AðsÞ

p�s ðaÞAs;a. (20)

In [34], it is shown that, if we solve these jSj matrix games
and use the update rule Eq. (18), the process will converge to V�

and p�. Note that minimax-Q has to solve a linear pogramming
problem at each epoch.

3.3.2. Algorithm

It is well-known that zero-sum matrix games can be viewed as
linear programming problems [16,32]: the optimisation problem

solving Gs is

max
ps

min
o2OðsÞ

P
a2AðsÞ

psðaÞPðAs;a;Os;oÞ

s:t: 0ppsðaÞp1 8a 2 AðsÞ;P
a2AðsÞ

psðaÞ ¼ 1;

����������
(21)

where the objective function is the expected payoff for Gs, i.e.
the expected return in s with the policy p. This program is not
linear, but if we add a new variable vGs

and several constraint
which prevents vGs

to exceed
P

a2AðsÞpsðaÞPðAs;a;Os;oÞ ¼ Qpðs; oÞ,
it becomes

max
ps ;vGs

vGs

s:t: Qpðs; oÞXvGs
8o 2 OðsÞ;

0ppsðaÞp1 8a 2 AðsÞ;P
a2AðsÞ

psðaÞ ¼ 1:

������������
(22)

Eventually, we obtain Littman’s minimax-Q algorithm shown in
Algorithm 3. It solves one small linear optimisation problem by
learning epoch: Gs is a jAðsÞj � jOðsÞjmatrix game and is solved by
a linear optimisation problem with jAðsÞj þ jOðsÞj variables and
jOðsÞj þ 1 constraints in normal form. It can be solved with the
simplex algorithm [3] which has a theoretical exponential worst-
case time complexity [20], but nevertheless often performs very
well on practical problems (for which the number of iterations
is usually a small multiple of the problem dimension, see
e.g. [38,44]).

Algorithm 3. Learning part of the minimax-Q algorithm.
1.
 Qpðs; a; oÞ  ð1� aÞQpðs; a; oÞ þ a½r þ gminos2Oðss ÞQpðss; osÞ�
2.
 Solve the linear program associated to Gs
An advantage of Littman’s approach is that, at any time, the
policy in a given state is locally optimal with respect to the
current Q values of the state (which is not necessary the case for
gradient-ascent methods like QL2). But it uses a linear solver,
which can be quite heavy, even if the linear programs remain
small. Note that the linear programming step has to be repeated at
each state-action visit.

3.4. Minimax

For some Markov games, the mixed policies are not always
essential to achieve optimality. If we use only pure policies,
i.e. Ag uses a maximin strategy [32], we will at least obtain
maximinGsinit

and, if the rational opponent uses a pure policy as
well, we will at most obtain minimaxGsinit

. Therefore, if

maximinGsinit
¼minimaxGsinit

(23)

then mixed policies are not necessary to achieve optimality.
Originated from game theory, the standard Minimax algorithm

[32], used in association with the update rule Eq. (18), can
be applied to the RL problem when we restrict ourselves to pure
policies: we then obtain Algorithm 4. Minimax is a valuable
algorithm for alternate games, since pure policies are sufficient for
this type of game: it is computationally less demanding than
algorithms like minimax-Q or QL2, which both optimise a mixed
policy.

Algorithm 4. Learning part of the Minimax algorithm.
1.
 Qpðs; a; oÞ  ð1� aÞQpðs; a; oÞ þ a½r þ gmaxasinAðss Þminos2Oðss Þ Qpðss; as; osÞ�
2.
 pðsÞ  argmaxa2AðsÞmino2OðsÞQpðs; a; oÞ
However, Minimax will give sub-optimal results on a certain
class of simultaneous games. For example, let us consider the
matrix game G defined by Table 1. Minimax will learn that it
can obtain for sure at least maximinG ¼ 0 and at most
minimaxG ¼ þ4, whatever the strategy it chooses. Thus, it will
indistinctly produce a policy prescribing A1, A2 or A3. However, the
optimal mixed strategy for G is 5

9A1 þ
4
9A3 and the value of the

game is vG ¼
20
9 .

3.5. QL2: A constrained optimisation approach

Both minimax-Q and Minimax have at least one important
drawback: the former involves the resolution of one linear
optimisation problem at each epoch, whereas the latter produces
sub-optimal policies on games where mixed policies are required



ARTICLE IN PRESS

B. Frénay, M. Saerens / Neurocomputing 72 (2009) 1494–1507 1499
to achieve optimality. We now introduce the main contribution of
this paper, QL2, an alternative algorithm using a gradient-ascent
scheme to optimise the agent’s mixed policy under the Bellman
equations.

3.5.1. Problem and Lagrangian formulation

The key idea of our algorithm is to formulate the RL problem as
a constrained optimisation problem (the constraints being the
Bellman equations):

max
p

VpðsinitÞ

s:t: VpðsinitÞ ¼ min
o2Oðsinit Þ

Qpðsinit ; oÞ;

Qpðs; a; oÞ ¼

rsða; oÞ þ g
P

ss2S
Ts;a;o;ss min

os2OðssÞ
Qpðss; osÞ

� �
8s 2SnD; a 2 AðsÞ; o 2 OðsÞ;

0 8s 2 D; a 2 AðsÞ; o 2 OðsÞ:

8>>><>>>:

�����������������
(24)

Note that we optimise VpðsinitÞ instead of each state value
VpðsÞ; s 2S: intuitively, the goal of an agent in a RL problem is to
estimate the value of the problem, i.e. the expected return for an
optimal policy

V�ðsinitÞ ¼ min
s

E
p� ;s

R0jX0 ¼ sinitf g. (25)

Therefore, it is sufficient to optimise VpðsinitÞ in order to
optimise the expected return of the agent which always starts in
sinit . Replacing VpðsinitÞ, we obtain the Lagrangian

Lp ¼ min
o2Oðsinit Þ

Qpðsinit ; oÞ

þ
X

s2SnD

X
a2AðsÞ

X
o2OðsÞ

ls;a;o Qpðs; a; oÞ�½

rsða; oÞ þ g
X
ss2S

Ts;a;o;ss min
os2OðssÞ

Qpðss; osÞ

� �" ##
þ
X
s2D

X
a2AðsÞ

X
o2OðsÞ

ls;a;o½Qpðs; a; oÞ � 0�, (26)

where l are Lagrange multipliers. Note also that the variables
psðaÞ are constrained in order to satisfy

0ppsðaÞp1 8a 2 AðsÞ,X
a2AðsÞ

psðaÞ ¼ 1. (27)

3.5.2. The softminf operator

In Eq. (26), Lp is expressed using the min operator which has
no analytic derivatives and is not differentiable at break-points. We
therefore introduce [9,10,18,33]

softmin
i21::n

f i ¼

Pn
i¼1eff i f iPn

i¼1eff i
, (28)

where f 2� �1;0�, which has the remarkable property

lim
f!�1

softmin
i21::n

f i ¼min
i21::n

f i. (29)

Not only we can approximate the min operator by softminf

with finite values of f, but we also obtain the approximation

qmini21::n f i

qf k

�
q softmini21::n f i

qf k

¼
eff k 1þ fðf k � softmini21::n f iÞ

� �Pn
i¼1eff i

,

(30)

which can be evaluated, even at break points. This is very
important, since we do not know their locations a priori. Note that
when f ¼ 0, softminf

i21...n f i ¼ meani21...n f i. Therefore, f can be
tuned to use softminf as an intermediate between the mean and
min operators: values of f close to zero bring softminf closer to
mean whereas more negative values bring softminf closer to min.
In practice f values must be chosen in order to keep the value of
the ff i expressions small enough (fX� 100).

3.5.3. Local y update rule

We further define the transformation [9,10,18,33]

py
s ðaÞ ¼

eysðaÞP
b2AðsÞe

ysðbÞ
, (31)

where ysðaÞ 2� �1;þ1½ is a parameter such that the bigger ysðaÞ,
the bigger py

s ðaÞ (and vice versa). The advantages of py are two-
fold:
�
 its derivatives are non-constant, but still simple enough:

qpy
s ðaÞ

qysðaÞ
¼ py

s ðaÞð1� p
y
s ðaÞÞ, (32)

qpy
s ðaÞ

qysðbÞ
¼ �py

s ðaÞp
y
s ðbÞ, (33)
�
 it satisfies the implicit constraints

0ppsðaÞp1 8s 2S; a 2 AðsÞ, (34)X
a2AðsÞ

psðaÞ ¼ 1 8s 2S. (35)

In practice, we must impose that �ymaxpysðaÞpymax with ymax

being neither too small nor too large. On one hand, if ymax is
too large, the gradient ascent will slow down or even fail if the
gradient components reach the machine precision limit. On the
other hand, if ymax is too small, the minimal entropy of the policy
may become too large. Indeed, as ymax decreases to zero, the policy
space reduces progressively to maximum entropy policies, i.e.
fully random policies.

If we define the entropy of a state s (with respect to a mixed
policy p) as

�
X

a2AðsÞ

psðaÞ log psðaÞ, (36)

then it can be easily shown that the minimal state entropy is

ymax
kse�ymax � eymax

kse�ymax þ eymax
þ log½kse

�ymax þ eymax �, (37)

where ks ¼ jAðsÞj � 1. Fig. 1 shows the evolution of the minimal
state entropy for various values of jAðsÞj. According to this figure
and our experience, 3:0pymaxp5:0 is a good choice for Markov
games with a small number of possible actions.

Note that it would also be possible to design an algorithm
beginning with maximum entropy policies (ymax ¼ 0) that progres-
sively relaxes the entropy constraint by increasing (reasonably) ymax

in the same spirit as simulated annealing [40].
Now, if we furthermore replace every min operator by a

softminf operator, we obtain the differentiable approximation

Lf
py ¼ softmin

o2Oðsinit Þ
Qpy ðsinit ; oÞ

þ
X

s2SnD

X
a2AðsÞ

X
o2OðsÞ

ls;a;o Qpy ðs; a; oÞ � rsða; oÞ

""

þg
X
ss2S

Ts;a;o;ss softmin
os2OðssÞ

Qpy ðss; osÞ

� �##
þ
X
s2D

X
a2AðsÞ

X
o2OðsÞ

ls;a;o Qpy ðs; a; oÞ � 0
� �

(38)
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s.t. Lp ¼ limf!�1Lf
py . Therefore, we obtain (see Appendix A for

details) for each s 2Snfsinitg; a 2 AðsÞ; o 2 OðsÞ

ls;a;o ¼ gpy
s ðaÞ

qsoftmino02OðsÞ Qpy ðs; o0Þ

qQpy ðs; oÞ

�
X

sp

X
ap2AðspÞ

X
op2OðspÞ

Tsp ;ap ;op ;slsp ;ap ;op (39)

and for each a 2 AðsinitÞ; o 2 OðsinitÞ

lsinit ;a;o ¼ �p
y
s ðaÞ

qsoftmino02OðsÞ Qpy ðs; o0Þ

qQpy ðs; oÞ
(40)

and the gradient

ryL
f
py ¼

..

.

rys;a
Lf

py

..

.

0BBBB@
1CCCCA (41)

¼

..

.P
o2OðsÞ

ls;a;o½Qpy ðs; oÞ � Qpy ðs; a; oÞ�

..

.

0BBBBBB@

1CCCCCCA. (42)

Line-search cannot be used in our problem since, lacking T

and r, we cannot evaluate the Lagrangian. We will rather use
a gradient-ascent scheme inspired by optimisation theory and
neural networks algorithms [18]: we follow the greatest-ascent
direction:

d ¼

..

.

dsðaÞ

..

.

0BBB@
1CCCA ¼

..

.

aysðaÞrysðaÞL
f
py

..

.

0BBB@
1CCCA, (43)

where aysðaÞ (each s; a pair has its own parameter) is updated after
each iteration according to the rule

aysðaÞ  

aysðaÞ � inc if dsðaÞt � dsðaÞt�140;

aysðaÞ=dec if dsðaÞt � dsðaÞt�1o0;

aysðaÞ if dsðaÞt � dsðaÞt�1 ¼ 0;

8><>: (44)

where inc;dec41.
Since the Lagrange multipliers l are defined by linear recursive

relationships, we could theoretically compute their exact values
by solving a linear system of equations. But our algorithm would
not be able to tackle problems with huge or unknown state space.
Yet, the Lagrange multipliers l for a same state s 2SnD; sasinit
have most of their form in common (the shaded terms in the
following equation):

(45)

If we accept to lose some efficiency, we can rather use a local

gradient-ascent. Whereas the global gradient-ascent addresses the
problem of updating every y at the same time, the local version
updates y state by state. We obtain

rys
Lf

py /

..

.

�py
s ðaÞ

P
o2OðsÞ

q softmino02OðsÞ Qpy ðs; o0Þ

qQpy ðs; oÞ
½Qpy ðs; oÞ � Qpy ðs; aÞ�

..

.

0BBBBB@

1CCCCCA
(46)

and, eventually, the QL2 algorithm shown in Algorithm 5. At
each epoch, the QL2 algorithm firstly updates Qpðs; a; oÞ. Then,
the successive components of the gradient are computed, the
ysðaÞ values are updated to maximise VpðssinitÞ and eventually the
ays;a

variables which regulate the gradient ascent are updated
according Eq. (44).

Algorithm 5. Learning part of the QL2 algorithm.
1.
 Qpðs; a; oÞ  ð1� aÞQpðs; a; oÞ þ a½r þ g softminf
os2Oðss Þ Qpðss; osÞ�
2.
3.
 b q softminf
o02OðsÞ Qpy ðs; o0Þ=qQpy ðs; oÞ
4.
 for all a 2 AðsÞ do

5.
 ysðaÞ  ysðaÞ � ays;a

py
s ðaÞ

P
o2OðsÞ

b½Qpy ðs; oÞ � Qpy ðs; a; oÞ�
6.
 Update ays;a
7.
 end for
3.5.4. QLþ2 , a simplified variant of QL2

As it is, Algorithm 5 can still be simplified when f!�1 (see
Appendix B). In this case, we obtain the simplified algorithm QLþ2
shown on Algorithm 6, very easy to implement. At each epoch
hs; a; o; r; ssi, the Q value is updated and the subset MðsÞ of the
opponent’s actions corresponding to the minimum Q value is
computed. Then, for each action a 2 AðsÞ, the ysðaÞ parameter is
updated using the simplified local gradient-ascent rule. Thus,
QLþ2 uses a surprisingly simple and cheap update rule for the
y parameters. Moreover, whereas QL2 requires that the reward
remains small because the Qp values appear in expressions of the
form efQpðs;oÞ, QLþ2 works for any reward signal amplitude.

Algorithm 6. Learning part of the QLþ2 algorithm.
1.
 Qpðs; a; oÞ  ð1� aÞQpðs; a; oÞ þ a½r þ g min
os2Oðss Þ

Qpðss; osÞ�
2.
3.
 MðsÞ  fo 2 OðsÞjQpy ðs; oÞ ¼ min
o02OðsÞ

Qpy ðs; o0Þg
4.
 for all a 2 AðsÞ do

5.
 ysðaÞ  ysðaÞ � ays;a

py
s ðaÞ=jMðsÞj

P
o2MðsÞ

½Qpy ðs; oÞ � Qpy ðs; a; oÞ�
6.
 Update ays;a
7.
 end for
3.5.5. Use of f to smooth the Q values with QL2

In Section 3.5.2, we have mentioned that the softminf operator
tends to behave like the mean operator when f! 0. It means that
QL2 will smooth the differences between Qp values in softminf
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Table 2
Normal form of Rock Paper Scissors in sinit .
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expressions if f! 0. Yet, in the beginning of the learning,
Q values may be very different from their actual values, thus it
would make sense to use f � 0 to smooth these differences: this
way, we would not favour any action when the Q values are still
uncertain. Afterward, f should be decreased during the learning,
as the Q values converge, in order to relax the constraint on the
policy computed by QL2. Note that QLþ2 does not offer this
possibility, since every softminf operator has disappeared in the
simplification process.
Fig. 3. A 5� 4 Soccer environment with mg ¼ 3.
4. Experiments

We will now assess the convergence and efficiency of the
algorithms on two two-agent RL problems. Firstly, we will check
that each algorithm behaves as expected and in particular that
minimax-Q , QL2 and QLþ2 all converge to optimal policies.
Secondly, we will consider the convergence speed and the
computation time needs for each algorithm. In particular, we will
check that QL2 and QLþ2 converge in about the same numbers of
epochs than minimax-Q but are faster in term of computational
time.

In this section, we will consider simulated games. Each
experiment consisted of several runs where several games, or
episodes, were simulated with agents learning from each turn, or
epoch.

4.1. The problems

In the finite two-player zero-sum Markov games used for our
tests, the first and second players will be denoted, respectively,
Ag and Opp. Except when otherwise stated, we will only mention
Ag’s rewards, since the sum of the rewards is zero.

4.1.1. Rock Paper Scissors

Rock Paper Scissors (RPS3) is a simultaneous children’s game
which is perfect for a first insight because of its extreme
simplicity. Each player must choose amongst Rock, Paper and
Scissors, hence the name of the game, and both hand signals are
simultaneously revealed by Ag and Opp to determine the winner.
The corresponding deterministic Markov game has thus only two
states: sinit for the waiting of the hand signals and sout for the
outcome of the game (see Fig. 2).

The reward signal for the RPS3 problem is specified in sinit by
the payoffs matrix Table 2 (the reward is zero in sout). Since this
matrix is antisymmetric, the game is fair and V�ðsinitÞ ¼ 0. The
optimal mixed strategy is

p�sinit
ðRockÞ;p�sinit

ðPaperÞ;p�sinit
ðScissorsÞ

D E
¼ 1

5;
1
5;

3
5

� �
. (47)

Note that RPS3 is not the standard Rock Paper Scissors game
where the þ3 and �3 in Table 2 are replaced, respectively, by þ1
and �1. These modifications are intended for preventing the
random policy to be optimal.

4.1.2. Soccer

Soccer (SC) is a simplified soccer game [21,22] made up of a
simple horizontally oriented m� n grid (n41) with a goal of size
mg on both sides. The task for Ag is to put the ball in Opp’s goal
(and vice versa). The reward is either þ1 for a win, 0 for a draw and
�1 for a loss; 0 otherwise. The moves are simultaneous, and there
Fig. 2. Rock Paper Scissors state graph.
can be only one player by cell. When starting the game, the
players are initially placed at random in the first and last columns,
and the ball owner is randomly chosen (see Fig. 3). As a matter of
fact, there are m2 possible entry states and m2 possible transitions
from the initial fictitious state sinit . Fig. 3 shows an example of
such an entry state for the 5� 4 Soccer environment (mg ¼ 3),
which is used for our tests, and for which Ag owns the ball. If the
ball owner moves to an already occupied cell, the ball goes to its
opponent. Moreover, if both players try to move toward the same
cell, the one which actually moves is chosen at random (and thus
remains or becomes the ball owner). SC is therefore a stochastic
game which allows checking how our algorithms behave in that
case. Note that if the agents try to swap their places, nobody
moves.

Every optimal policy for SC must be mixed. For example,
consider the situation of Fig. 4. If p prescribes to go up, there is a
possibility that Opp anticipates it and bars the way to Ag. On the
contrary, if p prescribes equiprobably these two actions, any
prediction by Opp becomes impossible and Ag has a chance to
create an opening. Note that the game has a probability 10�2 to
end on a draw at each step in order to avoid deadlocks.

4.2. Experiments on RPS3

RPS3 is a deterministic Markov game, for which a mixed
policy is necessary to achieve optimality. Its simplicity offers us an
opportunity to perform a complete analysis for each algorithm:
the optimal policy and their respective solution to RPS3 can be
computed by hand. We will check that each algorithm behaves as
expected and that minimax-Q , QL2 and QLþ2 converge to
optimal mixed policies.

4.2.1. Test protocol

The test protocol for the experiment on RPS3 consists of two
steps: a learning phase and a testing phase.

Firstly, an instance of each algorithm is trained against the
random agent Rnd. This learning phase lasts for 104 epochs in
order to ensure complete convergence for every agent. Secondly,
each agent is tested on one-to-one contests against Rnd and a
challenger in order to assess the quality of the learned policies.
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Fig. 4. A situation on a 5� 4 Soccer environment with mg ¼ 3 where a mixed

policy is necessary.

Table 3
Normal form of RPS3: (a) from the point of view of Q-learning learning against

Rnd and (b) from the challenger’s point of view.

Table 4
Maximin and minimax values for RPS3.
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A challenger is a Q-learning agent, called Chg, specifically trained
against another agent which learning ability has been disabled.
Challengers are expected to outperform Q-learning, whereas
the performance of algorithms considering the rational player
hypothesis should remain stable.

In order to analyse the result of the contests, we have
measured for each game the average effective return ROpp, i.e. an
estimator of the return in sinit that Ag can expect to receive if it
plays against Opp.

In our experiments, we used the �-greedy scheme with � ¼ :9
and the parameters of QL2 and QLþ2 are dec ¼ 1:1, inc ¼ 1:01,
ymax ¼ 3 and f ¼ �100. Each contest consisted in 1000 episodes
and each experiment was run 10 times. The ani;s;a

values for
Q-learning were computed using ani;s;a

¼ ki where k ¼ 10�3=100, i.e.
ani;s;a

is decreased by 103 after 100 visits on the same state-action
pair.

4.2.2. Preminilary analysis of the algorithms’ behaviour

Q-learning solves two-agent RL problems by embedding the
Markov game and its opponent in a MDP. The resulting policy
takes advantage of the opponent’s weaknesses, but may in turn be
weak against a new opponent. Here, Q-learning will learn to beat
specifically Rnd, therefore reducing Table 2 to Table 3(a). It will
always choose Paper and thus VpðsinitÞ ¼ RRnd ¼

2
3. However,

Chg(Q-learning) will thus reduce Table 2 to Table 3(b) and will
always choose Scissors so that RChgðQ�learningÞ ¼ �1.

Minimax, minimax-Q , QL2 and QLþ2 rely on the rational
player hypothesis. On one hand, Minimax will consider Table 4
and produce a pure policy prescribing either Paper or Scissors,
so that Ag will be certain to obtain at least maximinRPS3

¼ �1
and at most minimaxRPS3

¼ þ1. On the other hand, minimax-Q ,
QL2 and QLþ2 will find the optimal mixed policy (see Eq. (47)).
Thus, for these agents, VpðsinitÞ ¼ 0 and, moreover, ROpp ¼ 0,
whatever the opponent Opp is.

4.2.3. Results

Table 5 shows, for each algorithm, the mean and the 95%
confidence interval on 10 runs of VpðsinitÞ, RRnd and RChg .
As expected, for the one-agent algorithm, RRnd �

2
3 whereas,

for two-agent mixed algorithms, RRnd � 0: only the former
has been able to take advantage of Rnd’s randomness, what
the latter are not able of. Minimax obtains better results against
Rnd because its pure policy may prescribe either Paper or
Scissors, which, respectively, yield 0 or 2

3 against Rnd. On the
contrary, if we compare the values of RChg , Q-learning is totally
outperformed by its challenger: RChg ¼ �1, whereas minimax-Q ,
QL2 and QLþ2 still receive RChg � 0. Minimax’s return remains
in ½�1;þ1�.

4.2.4. Discussion of the results

Each algorithm behaves according our expectations. Q-learning
is able to take advantage of the opponent weaknesses, but
is agent-dependent. If we change the opponent, the average
effective return may decrease. The two-agent algorithms act the
same whatever the opponent is, but they manage to secure their
average effective return.

Moreover, since QL2 and QLþ2 perform as well as minimax-Q ,
we can expect that they converge to the true optimal policy.
Indeed, their average policy on the 10 runs are, respectively,

h0:199;0:201;0:600i (48)

and

h0:180;0:200;0:620i. (49)

Note that the result for QLþ2 is perturbed because the
convergence failed in one single run.

4.3. Experiments on SC

SC is a stochastic Markov game for which a mixed policy is
necessary to achieve optimality. It offers us an opportunity to test
the algorithms on a stochastic problem, more complex than
RPS3 whose state graph is acyclic. We will check that QL2 and
QLþ2 learn as fast as minimax-Q in terms of number of epochs,
but faster in terms of computational time.

4.3.1. Test protocol

The test protocol for this experiment on a 5� 4 soccer game
with mg ¼ 3 (see Figs. 3 and 4) is inspired by Lagoudakis and Parr
[21] and Littman [22].

Firstly, a minimax-Q agent, called mQ-ref, is trained against
Rnd for 107 epochs to be used as a reference for performance
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Table 5
VpðsinitÞ, RRnd and RChg obtained on RPS3 for different algorithms.

Q-learning Minimax minimax-Q QL2 QLþ2

VpðsinitÞ 0.712 [0.669 0.755] �1 4� 0:000 o0:000 �0:020 [�0.144 0.104]

RRnd 0.648 [0.638 0.658] 0.662 [0.628 0.695] 0.018 [0.008 0.027] 0.016 [0.008 0.024] 0.005 [�0.078 0.089]

RChg �1 �1 �0.009 [�0.016 �0.002] �0.014 [�0.021 �0.006] �0.027 [�0.158 0.104]
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Fig. 5. RmQ-ref in sinit and percentage of wins, draws and losses for Q-learning, Minimax, minimax-Q , QL2 and QLþ2 learning on SC against Rnd and tested against mQ-

ref. Note the logarithmic scale.

Table 6

RmQ-ref in sinit and percentage of wins, draws and losses for Q-learning, Minimax, minimax-Q , QL2 and QLþ2 after learning on SC against Rnd.

Q-learning Minimax minimax-Q QL2 QLþ2

RmQ-ref �0.237 [�0.260 �0.213] �0.103 [�0.112 �0.093] �0.042 [�0.063 �0.020] �0.030 [�0.040 �0.020] �0.024 [�0.031 �0.017]

Wins 23.96 [21.75 26.17] 11.99 [9.39 14.59] 39.77 [35.62 43.92] 42.4 [41.05 43.75] 42.87 [41.24 44.50]

Draws 5.92 [5.42 6.42] 59 [55.14 62.86] 12.7 [6.45 18.95] 9.82 [8.96 10.68] 10.31 [8.14 12.49]

Losses 70.12 [67.92 72.32] 29.01 [27.61 30.41] 47.53 [44.40 50.66] 47.78 [46.59 48.97] 46.82 [45.83 47.81]
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evaluation. Indeed, it has been shown in [34] that minimax-Q

converges to optimal policies and it is therefore a good reference
point to assess the learning of others agents. Secondly, two
instances of each algorithm learn for 106 epochs by playing,
respectively, against: (i) Rnd and (ii) an agent simultaneously
learning with the same algorithm. Every 104 epochs, each agent is
tested in 1000 one-to-one contests against mQ-ref to estimate the
percentage of wins, draws and losses and the average effective
return RmQ-ref against the reference agent.

In our experiments, we used the �-greedy scheme with � ¼ :9
and the parameters of QL2 and QLþ2 are dec ¼ 1:1, inc ¼ 1:01,
ymax ¼ 3 and f ¼ �100. Each experiment was run 10 times. The
ani;s;a

values were computed, for every algorithm, using ani;s;a
¼ kn

where k ¼ 10�3=106

, i.e. ani;s;a
is decreased by 103 after the 106 visits

on the same state-action pair.
4.3.2. Results against Rnd

Fig. 5 shows, for each algorithm learning against Rnd, the
means on 10 runs of RmQ-ref and the percentage of wins, draws
and losses of the first player against mQ-ref. Table 6 shows, for
each algorithm, the mean and the 95% confidence interval on
10 runs of RmQ-ref and the percentage of wins, draws and losses
after learning against Rnd.

Our results show that Q-learning is significantly worse than
mQ-ref (RmQ-ref � �0:25): most of the time (about 70%), it just
loses. Since every optimal policy in SC is mixed, Minimax is
also sub-optimal (RmQ-ref � �0:1). However, it achieves an higher
percentage of draws and a lower percentage of losses. Indeed,
Minimax is more careful than Q-learning and does not consider
that any new opponent will act as Rnd.

minimax-Q , QL2 and QLþ2 all converge to the optimal
solution (RmQ-ref � 0). When the game does not end on a draw
(about 10%), they succeed in beating mQ-ref half the time. QL2 is
a little below RmQ-ref ¼ 0, but not significantly.
4.3.3. Results against an agent simultaneously learning

Fig. 6 shows, for each algorithm against an agent simulta-
neously learning with the same algorithm, the means on 10 runs
of RmQ-ref and the percentage of wins, draws and losses of the first
player against mQ-ref. Table 7 shows, for each algorithm, the
mean and the 95% confidence interval on 10 runs of RmQ-ref and
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the percentage of wins, draws and losses after learning against an
agent simultaneously learning with the same algorithm.

Q-learning is still sub-optimal (RmQ-ref � �0:1), but it has
significantly improved its behaviour. Indeed, RmQ-ref , as well as the
percentage of wins and losses, have been improved thanks to
the learning opponent. In fact, it achieves performances similar
to the those of Minimax which converges to the same values,
whatever the opponent.

In opposition to Q-learning, the values obtained by minimax-Q ,
Minimax, QL2 and QLþ2 after convergence have not changed,
since they consider the rational player hypothesis. However, their
convergence speed has been slightly improved.

4.3.4. Computational times comparison

During the experiment where the agents are learning against
Rnd, we measured the total computational time used by each
algorithm when both requiring an action and learning. Table 8
shows, for each algorithm, the mean and the 95% confidence
interval on 10 runs of the computation time in ms used for one
epoch. As expected, Q-learning and Minimax are faster: there is
only a small difference between their computational times. QL2

and QLþ2 are much slower, but they still need about two times
less computational time than minimax-Q .

4.3.5. Discussion of the results

The experiments on SC can be summarised in four points.
Firstly, the one-agent algorithms heavily rely on the agent they are
learning against to achieve good performances. They will most
probably achieve optimality only in alternate games when the
other agent is itself optimal (or becomes optimal during the
learning), which is an unrealistic requirement. Secondly, Minimax
is sub-optimal for simultaneous Markov games where mixed
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learning with the same algorithm and tested against mQ-ref.

Table 7

RmQ-ref in sinit and percentage of wins, draws and losses for Q-learning, Minimax, mi

learning with the same algorithm.

Q-learning Minimax minima

RmQ-ref �0.118 [�0.141 �0.095] �0.094 [�0.108 �0.080] �0.017 [

Wins 34.31 [32.42 36.20] 14.53 [11.16 17.90] 44.73 [4

Draws 7.18 [6.07 8.29] 55.5 [51.12 59.88] 8.8 [8.

Losses 58.51 [55.93 61.09] 29.97 [28.60 31.34] 46.47 [4
policies are necessary: whatever its learning opponent is, it will
always achieve the same sub-optimal level, except if this latter
prevents him to reach the states describing the task (here, the
states right in front of the goal). Thirdly, minimax-Q , QL2 and
QLþ2 achieve optimality, whatever their opponent is, and
converge at the same speed. Fourthly, QL2 and QLþ2 need less
computational time than minimax-Q .

4.4. Remarks on the use of QL2 and QLþ2

Along the testing of QL2 and QLþ2 on SC, we have noted that
the choice of the ymax value is important to achieve optimality.
Indeed, if ymax is too important, the gradient-ascent used in both
algorithms is slow down, and the convergence speed becomes too
small. This problem can be solved by decreasing ymax, but when it
becomes too small, the constraint on the policy may become too
strict to achieve optimality.
5. Conclusion and further work

In this paper, we have used Markov games as a framework for
RL, analysed algorithms for two-player zero-sum games and
proposed the new algorithms QL2 and QLþ2 . Table 9 sum up the
compared characteristics of Q-learning, Minimax, minimax-Q ,
QL2 and QLþ2 .

5.1. One-agent algorithms

We have shown that, most of the time, Q-learning produces
sub-optimal solutions because it embeds the opponent in the
environment, which is therefore modelled as a MDP. Moreover,
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ax, minimax-Q , QL2 and QLþ

2 learning on SC against an agent simultaneously

nimax-Q , QL2 and QLþ2 after learning on SC against an agent simultaneously

x-Q QL2 QLþ2

�0.025 �0.009] �0.0274 [�0.036 �0.019] �0.022 [�0.032 �0.013]

3.86 45.60] 43.25 [42.63 43.87] 43.97 [42.88 45.06]

24 9.36] 9.28 [8.41 10.15] 8.46 [8.07 8.85]

5.33 47.61] 47.47 [46.72 48.22] 47.57 [46.37 48.77]
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Table 8
Average computational time in ms used by different algorithms during one epoch when asked an action and when learning.

Q-learning Minimax minimax-Q QL2 QLþ2

Computational time 35 76 1680 [1674 1686] 905 [904 907] 729 [726 732]

Table 9

Heuristic Comparison of Q-learning, minimax, Minimax-Q, QL2 and QLþ

2 .
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the embedding may fail if the opponent’s behaviour is not
Markovian or non-stationary.

The advantage of one-agent algorithms is that they do not
consider the rational player hypothesis, which is useful when the
problem is rather to beat a specific opponent. But they are
opponent-dependent and may behave erratically if this latter’s
behaviour changes. Their performances increase greatly when
they are learning against a good opponent ([22] made the same
observation).

5.2. Two-agent algorithms

The latter category is composed of Minimax, minimax-Q and
the two variant of our new algorithm, QL2 and QLþ2 . Minimax is
sufficient for alternate Markov games, but we have shown
that pure policies may be sub-optimal for simultaneous Markov
games, as predicted by game theory. Our results show that
minimax-Q achieves optimality for such simultaneous games (see
[22]), as well as QL2 and QLþ2 . These three mixed algorithms
converge in about the same number of epochs, but QL2 and QLþ2
appear to be faster in terms of computational time.

QLþ2 showed the best convergence speed amongst the three
mixed algorithms in terms of computational time, but, as for QL2,
the choice of ymax is important to obtain convergence. Moreover,
the convergence speed in terms of number of epochs can be
improved by using a smart opponent for the learning, even if this
latter has no impact on the final policies themselves.

The updating rule of QLþ2 consists of basic arithmetic
operations and its only computational cost comes from the
exponential involved in the policy evaluation.

5.3. Further work

In our opinion, there are still at least four issues in need of
further work. Firstly, we should compare the algorithms on more
complex problems: the problems tackled in this paper are toys
problems whose complexities are far from those of real-world
problems. Secondly, QL2 and QLþ2 can be improved: the gradient-
ascent scheme and its robustness to high ymax values could be
enhanced. Moreover, the f parameter has yet to be studied for
QL2, as it could allows to smooth the Q values at the beginning of
the learning. Thirdly, since the choice of ymax constrains the minimal
state entropy, we could increase the flexibility of the policies. For
example, we could initially impose an high minimal state entropy
and progressively relax the constraint during learning. Fourthly, it
would be interesting to investigate the suitability of our constrained
optimisation approach for n-players Markov games: (i) where
cooperation is advantageous for both players [23] or (ii) where
there are more than only two agents [35].
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Appendix A. Derivatives of the QL2 Lagrangian for stochastic
environments

This appendix derives recursive relationships on the Lagrange
multipliers for Eq. (38) and an analytical form for the gradient
ryL

f
py for stochastic environments. Using py and the softminf

operator, Eq. (38) defines Lf
py which can approximate as

accurately as necessary Lp, if we choose f in consequence. In
the next two sections, we will compute the derivatives of Lf

py

with respect to the Q and y values.

A.1. Recursive relationships on the Lagrange multipliers

For each s 2Snfsinitg; a 2 AðsÞ; o 2 OðsÞ, the derivatives of Lf
py

with respect to the Q values are

qLf
py

qQpy ðs; a; oÞ
¼ ls;a;o � g

q softminf
o02OðsÞ Qpy ðs; o0Þ

qQpy ðs; a; oÞ

�
X
sp2S

X
ap2AðspÞ

X
op2OðspÞ

Tsp ;ap ;op ;slsp ;ap ;op (A.1)

and those for each a 2 AðsinitÞ; o 2 OðsinitÞ are

qLf
py

qQpy ðsinit ; a; oÞ
¼
q softminf

o02Oðsinit Þ
Qpy ðsinit ; o

0Þ

qQpy ðsinit ; a; oÞ
þ lsinit ;a;o. (A.2)
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If we use the chain rule, these derivatives become, respectively,

qLf
py

qQpy ðs; a; oÞ
¼ ls;a;o � gpy

s ðaÞ
q softminf

o02OðsÞ Qpy ðs; o0Þ

qQpy ðs; a; oÞ

�
X
sp2S

X
ap2AðspÞ

X
op2OðspÞ

Tsp ;ap ;op ;slsp ;ap ;op (A.3)

and

qLf
py

qQpy ðsinit ; a; oÞ
¼ py

s ðaÞ
q softminf

o02Oðsinit Þ
Qpy ðsinit ; o

0Þ

qQpy ðsinit ; a; oÞ
þ lsinit ;a;o.

(A.4)

Setting these quantities equal to zero for maximising Lf
py , we

obtain for each s 2Snfsinitg; a 2 AðsÞ; o 2 OðsÞ the recursive rela-
tionship on Lagrange multipliers l

ls;a;o ¼ gpy
s ðaÞ

q softminf
o02OðsÞ Qpy ðs; o0Þ

qQpy ðs; oÞ

�
X

sp

X
ap2AðspÞ

X
op2OðspÞ

Tsp ;ap ;op ;slsp ;ap ;op (A.5)

and for each a 2 AðsinitÞ; o 2 OðsinitÞ we have

lsinit ;a;o ¼ �p
y
s ðaÞ

q softminf
o02OðsÞ Qpy ðs; o0Þ

qQpy ðs; oÞ
. (A.6)

A.2. Analytical form for the gradient =hL
/
ph

For each s 2S; a 2 AðsÞ, the derivative of Lf
py with respect to

ysðaÞ is

qLf
py

qysðaÞ
¼ �g

q softminf
o02OðsÞ Qpy ðs; o0Þ

qpy
s ðaÞ

X
sp2S

X
ap2AðspÞ

X
op2OðspÞ

Tsp ;ap ;op ;slsp ;ap ;op .

(A.7)

We can develop the partial derivative term using the chain rule:
we obtain successively

X
o2OðsÞ

q softminf
o02OðsÞ Qpy ðs; o0Þ

qQpy ðs; oÞ

qQpy ðs; oÞ

qpy
s ðaÞ

(A.8)

and

X
o2OðsÞ

q softminf
o02OðsÞ Qpy ðs; o0Þ

qQpy ðs; oÞ
py

s ðaÞð1� p
y
s ðaÞÞQpy ðs; a; oÞ

24
�

X
b2AðsÞnfag

py
s ðaÞp

y
s ðbÞQpy ðs; b; oÞ

35. (A.9)

Since

Qpy ðs; oÞ ¼
X

a2AðsÞ

py
s ðaÞQpy ðs; a; oÞ. (A.10)

Eq. (A.9) becomes

py
s ðaÞ

X
o2OðsÞ

q softminf
o02OðsÞ Qpy ðs; o0Þ

qQpy ðs; oÞ
½Qpy ðs; a; oÞ � Qpy ðs; oÞ� (A.11)

and, therefore, Eq. (A.7) becomes

qLf
py

qysðaÞ
¼ � gpy

s ðaÞ
X
sp2S

X
ap2AðspÞ

X
op2OðspÞ

Tsp ;ap ;op ;slsp ;ap ;op

24 35
�

X
o2OðsÞ

q softmino02OðsÞ Qpy ðs; o0Þ

qQpy ðs; oÞ
½Qpy ðs; a; oÞ � Qpy ðs; oÞ�

" #
.

(A.12)
Using Eq. (A.6), we eventually obtain

qLf
py

qysðaÞ
¼
X

o2OðsÞ

ls;a;o½Qpy ðs; oÞ � Qpy ðs; a; oÞ�. (A.13)

Appendix B. Derivation of the QLþ2 algorithm

In this appendix, we show how to simplify QL2 when
f!�1. Let us consider the term

X
o2OðsÞ

q softminf
o02OðsÞ Qpy ðs; o0Þ

qQpy ðs; oÞ
½Qpy ðs; oÞ � Qpy ðs; a; oÞ� (B.1)

used in the instruction computing the update of the parameters
ysðaÞ introduced in Eq. (31). The expression of the derivative is

efQpy ðs;oÞ 1þ fðQpy ðs; oÞ � softminf
o02OðsÞQpy ðs; o0ÞÞ

h i
P

o02OðsÞe
fQpy ðs;o

0 Þ
(B.2)

and, if we define

MðsÞ ¼ fo 2 OðsÞjQpy ðs; oÞ ¼ min
o02OðsÞ

Qpy ðs; o0Þg, (B.3)

we can distinguish two cases when f!�1:
(1)
 If o 2MðsÞ, then

Qpy ðs; oÞ � softminf

o02OðsÞ
Qpy ðs; o0Þ ¼ 0 (B.4)

and

lim
f!�1

efQpy ðs;oÞP
o02OðsÞe

fQpy ðs;o
0 Þ
¼

1

jMðsÞj
(B.5)

so that

lim
f!�1

q softminf
o02OðsÞQpy ðs; o0Þ

qQpy ðs; oÞ
¼

1

jMðsÞj
. (B.6)
(2)
 If oeMðsÞ, then

lim
f!�1

efQpy ðs;oÞP
o02OðsÞe

fQpy ðs;o
0 Þ
¼ 0 (B.7)

so that

lim
f!�1

q softminf
o02OðsÞ Qpy ðs; o0Þ

qQpy ðs; oÞ
¼ 0. (B.8)
Therefore, Eq. (B.1) eventually becomes

1

jMðsÞj

X
o2MðsÞ

½Qpy ðs; oÞ � Qpy ðs; a; oÞ�. (B.9)
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